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Abstract

This paper theoretically investigates the dynamic buckling characteristics of imperfect columns subjected to axial
intermediate velocity impact loads. Based on the observations of tested columns under intermediate velocity ¯uid±

solid impact, the dynamic buckling equation of imperfect columns is simpli®ed and solved. A theoretical solution of
the equation is derived. According to the characteristics of the theoretical solution, a dynamic buckling criterion is
proposed to determine the critical buckling condition and to estimate the dynamic buckling critical load. Results

obtained in the present study agree well with the experimental and numerical results. E�ects of the initial
imperfection, slenderness ratio of columns and dynamic load duration on dynamic buckling properties of columns
under intermediate velocity impact are also discussed in the present study. 7 2000 Elsevier Science Ltd. All rights

reserved.
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1. Introduction

Investigations of dynamic buckling of suddenly-loaded structures have received increasing attention in
the past decades. Studies of dynamic buckling of suddenly-loaded columns, according to the dynamic
load characteristics, can be divided into three categories, viz., high velocity impacted buckling, low
velocity impacted buckling and intermediate velocity impacted buckling. On the high velocity impacted
buckling of columns, the dynamic load poses a high peak value and short duration (in the microsecond
magnitude). Thus, it can be simpli®ed as an impulsive load. The dynamic buckling of columns subjected
to this kind of impulsive load, therefore, is also called ``pulse buckling'' (Lindberg and Florence, 1987).
On the other hand, for the low velocity impact load, its duration is much longer than fundamental
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vibration periods of columns. Hence, the dynamic buckling of columns is usually considered as the
buckling of columns under sudden loads with constant magnitudes and in®nite duration (step load).
Both high velocity and low velocity impact loads can be modeled by their magnitudes only. The e�ect of
load duration can be neglected. Many studies have been carried out on the high velocity and low
velocity impacted buckling of columns (Lindberg, 1965; Hayashi and Sano, 1972a, 1972b; Lee, 1978;
Jones and dos Reis, 1980; Ari-Gur et al., 1982; Gary, 1983; Bell, 1988; Furta, 1990 and Simitses, 1990).
More detailed discussions about the dynamic buckling investigations of columns can be referred to
Simitses (1987), Jones (1989, 1996).

The intermediate velocity impact load has moderate duration (in the order of millisecond) so that it
can neither be simpli®ed as the impulse load nor the step load with in®nite duration. Since the duration
of this type of dynamic load is an important parameter that it a�ects signi®cantly the dynamic buckling
behaviors of columns, the load duration e�ect should be taken into account in the studies of suddenly-
loaded columns. Some studies were performed on the dynamic buckling of columns under this type of
two-parameter (magnitude and duration) intermediate velocity impact loads. Weller et al. (1989)
numerically investigated the dynamic buckling of beams and plates subjected to this type of dynamic
loads by using the ADINA computer code. By introducing a Dynamic Load Ampli®cation Factor
(DLF), they considered the e�ect of load duration and estimated the dynamic buckling critical load
parameter. The results showed that both, the maximum initial imperfection and the load duration a�ect
the dynamic buckling properties of structures. Karagiozova and Jones (1992a,b, 1995) studied the
dynamic buckling phenomenon of a ``spring-rigid-bar'' model subjected to a rectangular pulse load and
two triangular shape loads. According to the responses of the model, dynamic buckling characteristics
were discussed. The e�ects of load duration, initial imperfection, axial inertia and hardening ratio of
material on the dynamic buckling behavior of the model were also investigated.

Fluid±solid slamming is a typical intermediate velocity impact. Dynamic buckling of columns under
¯uid±solid slamming is frequently encountered in naval and o�-shore engineering. Only a few studies on
this subject, however, can be found till date, in literature. Zhang et al. (1992) experimentally tested the
dynamic buckling of ®xed-end columns under ¯uid±solid intermediate velocity impact. By using the
measured axial strain, they de®ned critical buckling and collapse conditions of columns. Unfortunately,
the estimated maximum axial strains of the columns might not correlate with the critical impact loads of
the columns because the plastic collapse of a column and the corresponding impact load usually do not
occur at the peak axial strain. Karagiozova and Jones (1996b) proposed a theoretical model to simulate
the dynamic buckling of columns under axial slamming loads. They also compared the dynamic
responses obtained from the theoretical predictions with the test results reported by Zhang et al. (1992).
Recently, Cui et al. (1999a) also investigated the dynamic buckling of columns under ¯uid±solid
slamming. Unlike those by Zhang et al. (1992) the boundary conditions of columns are hinged at both
ends. The dynamic buckling critical condition was de®ned in terms of various ¯uid±solid impulse rather
than the axial strains as used by Zhang et al. (1992), and the corresponding critical buckling impulse
was estimated for each tested column. The dynamic buckling mechanism, buckling mode and the
in¯uences of load duration and slenderness ratios of columns on their dynamic buckling behaviors, were
also discussed in the study.

This paper theoretically investigates the dynamic buckling properties of simply-supported imperfect
columns subjected to intermediate velocity impact loads. A closed form solution of dynamic buckling
critical load parameter, which is a function of column slenderness ratio, its maximum initial
imperfection and dynamic load duration, is derived. The primary objectives of this study are to
investigate the dynamic buckling mechanism of the imperfect column, to de®ne a dynamic buckling
criterion, to provide a simple and e�cient method to estimate the critical load parameter and to
examine the in¯uence of imperfection and impact load duration on the dynamic buckling properties of
columns.
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2. Brief description of experimental study

2.1. Experimental set-up and testing procedure

To study the dynamic buckling properties of columns under intermediate velocity impact,
experimental tests of simply-supported columns subjected to ¯uid±solid slamming were performed (Cui
et al., 1999a). The basic principle of the ¯uid±solid slamming test is to add a huge mass to the upper
edge of a vertical column specimen and allow the mass and column to fall freely from a certain designed
height to slam the water surface so as to induce an axial ¯uid±solid impact load on the column.
According to this principle, a special loading device was designed, which consisted of a box frame,
upper and lower ®xtures (supporting boundaries) and a rigid bottom loading plate. The tests were
carried out at an over-water slamming tower. The slamming tower consists of a slamming frame, a
slamming traverse girder and a deep pool, as shown in Fig. 1. The traverse girder can smoothly move
up (lifted by an elevator) and down along sliding guides. The loading device is suspended on the
slamming traverse girder of the tower (Fig. 1). The upper end of specimen is connected to the upper
supporting boundary of the loading device, and the lower end to the lower boundary, and then to a
bottom plate which is separated from the loading device and can move up and down freely together
with the smooth sliding bars.

To capture the response of the loaded columns, strain gauges were stuck symmetrically on both sides

Fig. 1. Schematic view of the slamming tower and the loading device. (1) Slamming tower; (2) sliding guide; (3) slamming traverse

girder; (4) loading device; (5) sliding bar; (6) simply-supported boundary; (7) bottom plate of loading device; (8) deep pool; (9) spe-

cimen; (10) electromagnetic releaser; (11) lift.
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at several measuring points along the column. In each test, the whole system, including the loading
device and transverse girder, is lifted up to a certain height and then released, to allow a free fall. When
the loading device slams the water, the speed of the bottom plate will slow down due to its relatively
large contact area with water surface, the other parts of the loading device will, however, sink into water
at a much faster speed. Thus, a ¯uid±solid slamming load is induced and applied to the column
specimen as an intermediate velocity axial impact load. The dynamic strain signals measured by strain
gauges are ampli®ed ®rst and then recorded. At the same time, the impulse S produced by slamming is
computed from the measured mass of the whole moving system and the velocity when the system is
about to slam the water surface.

Dimensions and parameters of 12 tested columns are shown in Table 1, in which L, b, h, l and d0max

are the length, width, thickness, the slenderness ratio and the maximum initial imperfection of the
columns. The elastic modulus of column material was obtained from tensile tests as E � 2:11� 105

MPa, and the stress wave velocity c = 5190 m/s. These columns will be used to verify the theoretical
solution derived in this study. More detailed description of the test can be referred to Cui et al. (1999a).

Table 1

Theoretical and experimental dynamic buckling load parameters for 12 columns

No. L (mm) b (mm) h (mm) l d0max (mm) t0 (s) aE acr Eq. (40) Error (%)

1 500 14.74 8.64 200.47 0.20 0.021 1.975 1.978 0.25

2 500 14.53 8.70 199.09 0.20 0.021 1.928 1.985 2.96

3 500 14.62 10.65 162.63 0.21 0.018 2.398 2.423 1.04

4 500 14.45 10.68 162.18 0.10 0.018 2.345 2.477 5.63

5 500 14.64 12.42 139.46 0.66 0.0175 2.463 2.534 2.88

6 500 14.88 12.20 141.97 0.34 0.0175 2.553 2.632 3.09

7 450 14.84 8.86 175.94 0.18 0.0185 2.044 2.160 5.68

8 450 14.77 8.84 176.34 0.17 0.0185 2.142 2.151 0.42

9 450 14.78 10.80 144.34 0.26 0.0178 2.364 2.438 3.13

10 450 14.49 10.74 145.14 0.26 0.0178 2.412 2.429 0.71

11 450 14.48 12.15 128.30 0.76 0.0165 2.485 2.547 2.49

12 450 14.51 12.28 126.94 0.15 0.0165 2.661 2.835 6.54

mean 2.90

Fig. 2. A typical axial slamming load time history.
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2.2. Some observations from the experiments

To begin with the theoretical study of imperfect columns under intermediate velocity impact, some
observations from the ¯uid±solid slammed columns are introduced ®rst.

By slamming each column with di�erent slamming heights in the experiments, a series of slamming
loads and dynamic responses of columns under di�erent slamming impulses were recorded. Fig. 2 shows
a typical axial slamming load time history, in which the ®rst waveform is produced by slamming the
specimen to water surface, and the following smaller waveforms after t0 are secondary waves induced
from oscillation of the loading device in water after slamming. It is obvious that the secondary
waveforms are far smaller than the primary one due to slamming, implying the e�ects of these
secondary waves can be neglected. Therefore, the ¯uid±solid axial impact load could be approximated
by a half-sine shape, that is

P�t� �
�
Ptsin yt 0RtRt0
0 t > t0

�1�

in which y � p=t0; Pt and t0 are peak value and duration of the dynamic load, respectively. Using Eq.
(1) with Pt � 53:5 kN and duration t0 � 0:018 s, the approximated impact load time history is also
estimated and plotted in Fig. 2. As can be seen, the half-sine function can indeed approximate the ¯uid±
solid axial impact load.

It can be observed from the experimental tests that the duration of ¯uid±solid slamming load depends
on the slenderness ratio of columns. The larger the slenderness ratio, the longer the dynamic load
duration. For the columns with the same slenderness ratios, the duration is approximately the same. For
the 12 tested columns with slenderness ratios of about 127±200, the duration is between 0.0165 and
0.021 s, which are also shown in Table 1.

Fig. 3 shows the dynamic responses of a column under impulses S = 1650 and 1750 kg m/s, in which
ec is the axial compressive strain at the slamming end of the column, e1 and e2 are the compressive-

Fig. 3. Dynamic responses of a column under impulses.
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bending resultant strains on both sides at the middle height of the column, respectively. It can be easily
found that, for the column subjected to an intermediate velocity ¯uid±solid slamming, the peak
responses always occur during the load duration at about t0=2: This observation agrees with that
obtained by Zhang et al. (1992) and Karagiozova and Jones (1992b) for a column under a triangular
shape dynamic load, and is di�erent from that of high velocity impacted columns in which the ¯exural
deformation of columns usually develops greatly after the loading is released because the load duration
is very short.

Another characteristic of the dynamic responses of column is that its ¯exural deformation strongly
depends on the axial slamming load (impulse). When the axial slamming load is small, it was observed
that the transverse ¯exural vibration of column is insigni®cant such that the primary response is caused
by its axial compressive vibration. With the increase of slamming load, the bending vibration of the
column becomes more and more pronounced. As the slamming load increases to a certain level, the
response characteristics of columns are qualitatively changed from those dominated by axial compressive
vibration to those dominated by transverse ¯exural vibration. The condition that the dominant vibration
characteristic changes from axial compressive vibration to ¯exural vibration was de®ned as the dynamic
buckling critical condition, and from that, the dynamic buckling critical load parameter was determined
for each column. The dynamic buckling critical load parameter �aE� from the experimental tests are also
listed in Table 1.

Fig. 4 shows the distribution of bending strain along the length of a column under di�erent impulses.
It is clear that the lateral responses of column under di�erent slamming loads always have half-sine
waveforms. This indicates that the dynamic buckling mode of simply-supported columns under ¯uid±
solid slamming is governed by the fundamental vibration mode of the column. This observation is also
di�erent from that of columns under solid±solid impact. For the later case, higher buckling modes are
usually induced due to the high velocity impact (Lindberg and Florence, 1987; Karagiozova and Jones,
1996a). More detailed information and discussions of the experimental tests of the columns under ¯uid±
solid slamming can be referred to the previous paper by Cui et al. (1999a).

Fig. 4. Distribution of eb along the length of column. (1) S = 1213 kg m/s; (2) S = 1697 kg m/s; (3) S = 1880 kg m/s.
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3. Dynamic buckling equation and its solution

3.1. Dynamic buckling equation

Consider an imperfect column subjected to an intermediate velocity impact load, P(t ), as shown in
Fig. 5. The column has length L, cross-section area A, ¯exural sti�ness EI and the mass density per unit
length r: The imperfection of the column is considered as an initial transverse bending deformation
w0�x�: The transverse displacement response induced by the dynamic load is a function of position x
and time t and denoted by w1�x, t�: The axial impact load is assumed to have a half-sine shape as shown
in Eq. (1). As indicated in the above section, for the ¯uid±solid slammed columns with slenderness
ratios of about 127±200 as listed in Table 1, the duration t0 is between 0.0165 and 0.021 s. During that
duration, axial waves will propagate along the column back and forth about 173±228 times. This
indicates that the e�ect of axial inertia is insigni®cant for the present columns. Thus, by ignoring the
axial inertia, the dynamic equilibrium equation of the column can be obtained as follows:

8>>>>><>>>>>:
EI
@4w1

@x4
� P�t�@

2w1

@x 2
� rA

@ 2w1

@ t2
� ÿP�t�@

2w0

@x 2

w1�x, 0� � f�x�
@w1

@ t
�x, 0� � g�x�

�2�

where f(x ) and g(x ) are the initial displacement and initial velocity functions of the column. It should
be noted that the e�ect of damping is not considered in this study.

By introducing the following parameters

Fig. 5. Column under intermediate velocity impact.
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8>>>>>>>><>>>>>>>>:

y � w1

r
, x � kx, t � s2c

r
t � t

Z
,

r2 � I

A
, k2 � PE

EI
, c2 � E

r
, t0 � t0

Z
,

s2 � r2k2, a � Pt

PE

, l � sL

r

�3�

in which PE is the Euler static critical load of column, c is the stress wave velocity of column material,
and a is de®ned as a non-dimensional dynamic load parameter. The Eq. (2) can be rewritten in a
dimensionless form as8<: y 0000 � a sin yZty 00 � �y � ÿa sin yZty 000

y�x, 0� � f�x�
_y�x, 0� � g�x�

�4�

in which the prime indicates di�erentiation with respect to the axial coordinate x of the column and the
dot the di�erentiation with respect to time t.

It should be noted that the coe�cient of y0 is not a constant, but varies with two parameters, namely
the peak load parameter a and the time t: To get the solution of this equation, the response y�x, t� and
the initial bending deformation y0�x, 0� of the column are decomposed into its modal coordinates as8>>>>><>>>>>:

y�x, t� �
X1
n�1

gn�t�fn�x�

y0�x, 0� �
X1
n�1

�dnfn�x�
�5�

where fn�x� is the nth vibration mode shape, gn�t� is the corresponding nth modal coordinate and �dn�
�dn max

�
r� 2

���
3
p

�dn max

�
h� 2

���
3
p

�d
�
n is the corresponding nth modal dimensionless maximum imperfection.

Substituting Eq. (5) into Eq. (4), and using orthogonality conditions of the mode shape, the dynamic
buckling equation of the column can be derived as8>>>>>><>>>>>>:

�gn�t� �
n4p4

l 4
q�t�gn�t� � n4p4

l4
�dna sin yZt

gn�0� � �fn 0RtR t0
Z

_gn�0� � �gn

�6�

in which q�t� � 1ÿ an sin yZt; and �fn � 2
l

� l
0 f �x�fn�x� dx and �gn � 2

l

� l
0 g�x�fn�x� dx are generalized initial

displacement and velocity corresponding to the nth mode. It should be noted that in most cases the
initial displacement and initial velocity will be zero. Without losing generality, however, their general
forms are given in the present derivation. Since columns observed in the tests all buckled in their ®rst
mode, the subscript ``n'' is dropped hereafter in the derivation.

3.2. Solution of the dynamic buckling equation

In order to obtain the solution of Eq. (6), two dimensionless time parameters are introduced herein
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m1 �
1

yZ
arcsin

1

a
and m2 �

p
yZ
ÿ m1 �7�

Inspecting the properties of function q�t�, it can be found that: (i) q�t� > 0, when t < m1 and t > m2; (ii)
q�t� < 0, when m1 < t < m2; and (iii) q�t� � 0, when t � m1 � m2: From these properties of function q�t�,
it is obvious that the solution of Eq. (6) is oscillatory when t < m1 and t > m2, while it is exponential
when m1 < t < m2: This indicates that buckling of the column may only occur in the duration between
m1 and m2: Therefore, the following derivation is focused on getting the solution of Eq. (6) in the
duration of m1 and m2: The solution of the equation when t < m1, however, is also needed to determine
the integral constants in terms of the initial conditions.

Eq. (6) is a typical turning point problem. At time t � m1, q�t� is singular and the equation has a
turning point at which the property of solution is qualitatively changed from oscillatory to exponential.
This kind of turning point problem can be solved by the powerful Langer transformation method
(Nayfeh, 1973).

Using the transformation

z � l1=2f�t�, v � _f
1=2�

g�t� � �d
�

and _f
2
f � q�t� �8�

and dropping the subscript n, Eq. (6) can be rewritten as

d2v

dz2
� 1

K 2
zv � p4

l 4l

��������
ayZ

p
�d� d1v �9�

in which

K 2 � l4l3=2

p4
� 17�yZt0�4l6

ÿ
4
���
6
p ÿ �d

�
�1ÿ a�t0l1=2p2

ÿ
2
���
3
p � l�d

� �10�

d1 � ÿ p6l ÿ2 �mf

l 2�yZt0�2 �m� t0l 2l
2
ÿ
2
���
3
p � l�d

�
q�t�
� 1

4l
fÿ1 _f

ÿ4
ay2 sin yZt� 5

16l
fÿ2 sin2 yZt �11�

�m � 34
���
3
p
�yZt0� 2p2l 2lÿ1

ÿ
2
���
2
p
ÿ �d
��� _f

3 � 2f _f �f
�
m1 �12�

If 1=K 2 is much larger than d1, that is

1

K 2
reÿ1jd1jmax or K 2Rej1=d1jmax �13�

where d1 is given in Eq. (11), and e is a small positive number, Eq. (9) can be approximated as

d2v

dz2
� 1

K 2
zv � p4

l 4l

��������
ayZ

p
�d �14�

The homogeneous equation (14) can be transformed to a Bessel equation of order one third. Thus, the
homogeneous solution of Eq. (14) can be obtained as (Cui et al., 1999b)

�v � C1Ai� ÿ K ÿ2=3z� � C2Bi� ÿ K ÿ2=3z� �15�
in which C1 and C2 are constants to be determined, Ai(z ) and Bi(z ) are the Airy functions of the ®rst
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and second kind, respectively. They are

Ai� ÿ z� � 1���
p
p zÿ1=4 sin

�
Z� p

4

�
,

Bi� ÿ z� � 1���
p
p zÿ1=4 cos

�
Z� p

4

�
, z < 0 �16�

and

Ai�z� � 1

2
���
p
p zÿ1=4exp� ÿ Z�

Bi�z� � 1���
p
p zÿ1=4exp�Z�, z > 0 �17�

in which Z � 2
3z

3=2: To obtain the particular solution of Eq. (14), j1 and j2 are introduced as

j1 � Ai� ÿ K ÿ2=3z� j2 � Bi� ÿ K ÿ2=3z� �18�
and let the particular solution be

v� � E1�z�j1 � E2�z�j2 �19�
by substituting Eq. (19) into (14), it has(

E 01�z�j1 � E 02�z�j2 � 0

E 01�z�j 01 � E 02�z�j 02 � �da
�20�

in which �da��p4=l 4l�
��������
ayZ

p
�d: E1(z ) and E2(z ) can be obtained from Eq. (20) as

E1�z� � ÿ�da

�
j2

u
dz E2�z� � �da

�
j1

u
dz �21�

where

u � j1j
0
2 ÿ j2j

0
1 �22�

Thus, the approximate solution of Eq. (6) can be expressed as follows:
For t < m1,

g�t� � K1

4 ��������
q�t�p �C1 sin c� C2 cos c� � b�t��d �23�

and for m1 < t < m2,

g�t� � K1

4 ������������ÿq�t�p �
C1

2
eÿf � C2e

f

�
� g�t��d �24�

in which
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b�t� � K1p4

l 4l

��������
ayZ

p
4 ��������

q�t�p cos c

" �m1
t

cos c
4 ���������

q�u�p duÿ tan c
�m1
t

sin c
4 ���������

q�u�p du

#
�25�

g�t� � K1p4

2l4l

��������
ayZ

p
4 ������������ÿq�t�p ef

" �t
m1

ef

4 ������������ÿq�u�p duÿ eÿ2f
�t
m1

eÿf
4 ������������ÿq�u�p du

#
�26�

c � 1

K

�m1
t

���������
q�u�

p
du� p

4

f � 1

K

�t
m1

������������
ÿq�u�

p
du

K1 � l5=12r1=6

p5=6c1=6
�27�

3.3. Validity of the approximate approach

The above solution to the dynamic buckling equation (6) are obtained based on the assumption that
1=K 2 � d as indicated in Section 3.2, the validity of the solution depends on the correctness of this
assumption. By using the transformation (8), expressions of f, _f and �f can be obtained. Then
substituting these expressions into Eq. (11), it can be obtained from Eq. (13) that if and only if

pÿ23=3
ÿ
4ÿ ���

2
p

�d
��

t1=30 l3=2
ÿ
1� l�d

�� R2
���
2
p �

s2c

r

�2=3

�28�

the above assumption is valid. This is the condition for the validity of above solution of dynamic
buckling equation. It is easy to check that all the 12 tested columns listed in Table 1 satisfy the validity
condition.

4. Dynamic response and buckling condition of columns

4.1. Response of an intermediate velocity impacted column

As indicated in Section 3.2, the dynamic buckling mode of a simply-supported column under
intermediate velocity impact loads is governed by the fundamental mode of its transverse bending
vibration. Based on this observation, the transverse motion of the column can be approximately
expressed by its ®rst modal response as

y�x, t� � g1�t� sin
px
l

�29�

From Eq. (23) and (24), the response of the column can be given as
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y�x, t� �
"

K1

4 ��������
q�t�p �C1 sin c� C2 cos c� � b�t��d

#
sin

px
l

for t < m1 �30�

and

y�x, t� �
"

K1

4 ������������ÿq�t�p �
C1

2
eÿf � C2e

f

�
� g�t��d

#
sin

px
l

for m1 < t < m2, �31�

in which C1 and C2 are constants and can be determined from the initial conditions:

g�0� � �f1, _g�0� � �g1 �32�
From Eq. (30) and (31), it has8<:K1

�
C1C1�0� � C2C2�0�

�
� b�0��d � �f1

K1

�
C1

_C1�0� � C2
_C2�0�

�
� _b�0��d � �g1

�33�

where8>>>>>>><>>>>>>>:

C1�0� � sin c0

C2�0� � cos c0

_C1�0� � 1

4
ayZC1�0� � _c0C2�0�

_C2�0� � 1

4
ayZC2�0� ÿ _c0C1�0�

�34�

Solving Eq. (33), the integration constants C1 and C2 are obtained, and then from Eqs. (30) and (31),
the response of the intermediate velocity impacted column can be obtained as

y�x, t� � g1�t� sin
px
l
�
�
A1�t� �f1 � B1�t� �g1 �D1�t��d

�
sin

px
l

�35�

in which8>>>>>>><>>>>>>>:

A1�t� � rl5=2

p2c

�
_C2�0�X1�t� ÿ _C1�0�X2�t�

�
B1�t� � rl5=2

p2c

�
C1�0�X2�t� ÿC2�0�X1�t�

�
D1�t� � R�t� �

h
A1�t�b�0� � B1�t� _b�0�

i �36�

where, for t < m1,

X1�t� � qÿ1
�
4�t� sin

�
1

K

�m1
t

���������
q�u�

p
du� p

4

�

X2�t� � qÿ1
�
4�t� cos

�
1

K

�m1
t

���������
q�u�

p
du� p

4

�
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R�t� � b�t� �37�
and for m1 < t < m2,

X1�t� � 1

2

�ÿ q�t��ÿ1�4
exp

"
ÿ 1

K

�t
m1

������������
ÿq�u�

p
du

#

X2�t� �
�ÿ q�t��ÿ1�4

exp

"
1

K

�t
m1

������������
ÿq�u�

p
du

#

R�t� � g�t� �38�
in which b�t� and g�t� are given in Eqs. (25) and (26).

4.2. Dynamic buckling criterion

By inspecting Eq. (35), it is clear that, for the column under intermediate velocity impact, the
response of the column is caused by amplifying the initial displacement, initial velocity and initial
imperfection of the column. A1�t�, B1�t� and D1�t� are the corresponding ampli®cation functions. In the
expression of D1�t� as shown in Eq. (36), the ®rst term is induced by the imperfection itself, and the
second one is the coupled term of the imperfection and the initial disturbances. Thus, the dynamic
response of the column can be regarded as the ampli®cations of the initial displacement, initial velocity
or the imperfection of the column. When the dynamic load is small, the column vibrates laterally about
the near static equilibrium position. If the dynamic load is large enough, the column may experience a
very large vibration, or a divergent type of motion, which results in dynamic buckling. Hence, the
dynamic buckling of column is a `divergent type of buckling' (Simitses, 1990). Dynamic buckling of a
column is considered to take place if the initial disturbance and/or the initial imperfection are ampli®ed
by the dynamic load to such a level that the response increases in®nitely.

From Eqs. (36), (38) and (26), it can be found that the ampli®cation functions A1�t�, B1�t� or D1�t�
will increase in®nitely if and only if

1

K

�t
m1

������������
ÿq�u�

p
du41 �39�

Because the function q�t� is negative in the duration between m1 and m2, the de®nite integral in
expression (39) is a positive constant. Thus, the condition (39) becomes K40: From Eq. (10), and noted
that y � p=t0 and t0 � t0=Z, it can be obtained that

acr � 1� 17p6l 2
ÿ
4
���
6
p ÿ �d

�
t0l

2
ÿ
2
���
3
p � l�d

� �40�

This is the formula to be used to estimate the dynamic buckling critical load parameter of the column.
As a special case, when the column is straight, namely the initial imperfection is zero, Eq. (40)

becomes

acr � 1� 34
���
2
p

p6l 2

t0l
2

�41�
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This is the formula to estimate the dynamic buckling critical load parameter of straight column. This is
identical to that obtained by the analysis of dynamic buckling of straight columns under intermediate
velocity impact (Cui et al., 1999b).

5. Results and discussions

5.1. Comparing with the experimental and numerical results

Using the actual constants of the 12 tested column specimens and the t0 value measured from each

Fig. 6. Comparing with the numerical results ��d� � w0=h � 0:10).

Fig. 7. E�ect of initial imperfection of column.
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test as listed in Table 1, the dynamic buckling critical load parameter acr for each column is estimated
by using Eq. (40). The estimated value of acr is given in the table. It can be seen that the theoretical
results agree well with the experimental results. The errors are about 0.25±6.54% for the 12 tested
columns with an average error of 2.9%. The error between the theoretical and the experimental results
might be attributed to the facts that: (1) theoretical impact load is not exactly the same as the actual
impact load as shown in Fig. 2; and (2) small loading eccentricity is inevitable for each column in the
test, but no loading eccentricity is considered in the theoretical study. This also explains why the
theoretical acr is always larger than the experimental one.

Results obtained in this study are also compared with the numerical results presented by Weller et al.
(1989). Using ADINA computer code, they investigated the dynamic buckling of columns and plates
under axial impact. The numerical results obtained by them and the theoretical results estimated by
using Eq. (40) for a column with �d

� � w0=h � 0:10 are shown in Fig. 6. It can be seen that the
theoretical results obtained in the present study also agree well with the numerical results.

5.2. E�ect of initial imperfection of columns

To investigate the e�ect of initial imperfection of column on its dynamic buckling critical load, Fig. 7
shows the variation of dimensionless critical buckling load versus imperfection of column with t0 � 5,
10 and 20, respectively. It is obvious from the ®gure that the critical buckling load of column is very
sensitive to its initial imperfection, especially when the loading duration is short and initial imperfection
is small. In the cases when the initial imperfection is small, i.e. �d < 4, the e�ect of imperfection on the
dynamic buckling behaviors of column is very signi®cant. The critical buckling load of column decreases
rapidly as the imperfection increases. When �dr4, however, the relationship between acr and �d is
basically linear, and the e�ect of imperfection is not very pronounced. Moreover, it can also be found
from the ®gure that the load duration will in¯uence the sensitiveness of imperfection. When the duration
is large (i.e. t0r10), the e�ect of column imperfection on its buckling load is less signi®cant. As the
imperfection decreases, the dynamic buckling load of column increases but this increase is not
outstanding. When the load duration is small (i.e. t0R5), the column buckling load increases sharply as
the imperfection decreases. These observations indicate that the load duration strongly a�ects either the
dynamic buckling load or the sensitiveness of the column imperfection. The above observations are the

Fig. 8. Relationship between acr and l:
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same with those obtained by Karagiozova and Jones (1992b) in the study of a ``spring-rigid-bar'' model
subjected to a rectangular and two triangular pulse loads.

5.3. E�ect of slenderness ratio and duration

Fig. 8 shows the variation of dynamic buckling critical load parameter acr with respect to slenderness
ratio l for columns with imperfection �d � 0:1, 0.6 and 1.2, respectively. It can be seen from the ®gure
that, as expected, the smaller the slenderness ratio of a column, the higher the critical load parameter.
The critical load parameter decreases exponentially with the increase of l: When l is large, its e�ect on
the column dynamic buckling critical load parameter is less pronounced, especially when the
imperfection of column is large. This observation indicates that, for columns with small slenderness
ratios, reducing slenderness ratio is very e�ective in preventing the dynamic buckling of columns.

To inspect the in¯uence of dynamic load duration on the dynamic buckling properties of columns,
Fig. 9 displays the critical load parameter acr vs. the impact load duration t0 for columns with di�erent
slenderness ratios. It can be found that the critical load parameter acr increases signi®cantly as t0
decreases. When t0R5, the case can be considered as a high velocity impact problem (load duration is
in an order of microsecond), the acr increases sharply with the decrease of t0: As t0 tends to zero, the acr

approaches in®nity theoretically. On the other hand, when t0 approaches in®nity, the case can be
considered as a static loading problem, the acr tends to unity. This indicates that, for columns under
intermediate velocity impact, the dynamic buckling critical load is always larger than its static buckling
load.

6. Conclusions

Theoretical study of dynamic buckling of imperfect columns under axial intermediate velocity impact
loads has been carried out. A theoretical solution of the dynamic buckling equation was obtained. A
dynamic buckling criterion was de®ned and a simple formula for estimating the dynamic buckling
critical load parameter as a function of column slenderness ratio, initial imperfection and impact load
duration has been derived. The validity of the formula has been proven by comparing the theoretical
results with both experimental and numerical results.

Fig. 9. Critical load parameter versus load duration.
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It was also found that a column under a two-parameter intermediate velocity impact load buckles
because the dynamic load ampli®es its initial imperfection. The initial imperfection, load duration and
slenderness ratio of column strongly a�ect the dynamic buckling properties of columns. The smaller the
initial imperfection of column, the higher the dynamic buckling critical load. For columns with
prescribed imperfection and load duration, the dynamic buckling critical load will increase rapidly as the
slenderness ratio of column decreases. Thus, reducing slenderness ratio is very e�ective in preventing
dynamic buckling of columns.

Load duration not only strongly a�ects the column critical buckling load, but also the sensitivity of
the initial imperfection. A column subjected to a short duration dynamic load can sustain a higher
buckling load. The larger is the impact load duration, the less signi®cant the column imperfection will
be on the dynamic buckling critical load parameter.
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